
GENOME-ENABLED 
PREDICTION

• RIDGE REGRESSION
• GENOMIC BLUP
• BAYESIAN GENOMIC BLUP
• ROBUST METHODS: 

TMAP AND LMAP



RIDGE REGRESSION
THE ESTIMATOR (HOERL AND KENNARD, 1979) WAS DERIVED 

USING A CONSTRAINED MINIMIZATION ARGUMENT

Reciprocal of Lagrange multiplier
(“regularization” parameter in machine learning)

Expected value

Bias

Covariance matrix





NOTE: THE “INTERCEPT” IS NOT REGULARIZED



WAYS IN WHICH RIDGE REGRESSION CAN BE 
INTERPRETED

• As shrunken estimator of regressions or marker 
effects (ridge)

• As predictor of random effects (BLUP) [THIS IS
A CRYPTIC INTERPRETATION BECAUSE WE 
WISH TO LEARN GENE EFFECTS : these do not 
vary at random, but over a conceptual distribution]
• As mean of a conditional posterior distribution 

(Bayes)
• As maximum of a penalized likelihood under the 

L2 norm (PMLE)
• In all cases we need ω OR variance ratio (and of 

the individual variances for interval inference)



BLUP







Bayes

IN THE BAYESIAN INTERPRETATION, β HAS A TRUE, FIXED VALUE.

THE RANDOMNESS REPRESENTS UNCERTAINTY PRIOR AND POSTERIOR
TO OBSERVING DATA



RIDGE REGRESSION EXAMPLE 1



RIDGE REGRESSION EXAMPLE 2









ASSIGNING A VALUE TO ω: GENERALIZED CROSS-VALIDATION

VARIANCE COMPONENTS+ BRUTE FORCE:



GCV: MOTIVATION

The residual SS will be called T(λ)



SAME TRAIT IN 4 DIFFERENT ENVIRONMENTS:
FOUR DIFFERENT BEHAVIORS!



GENOMIC BLUP





Genotypes (random variable W denotes genotype at a locus)

Waa → −1
WAa → 0
WAA → 1

EHWW  p2 − q2  p − q  

VarHWW  EX2 − E2X
 p2  q2 − p − q2

 2pq

Waa → 0
WAa → 1
WAA → 2

EHWW  2p2  2pq  2pp  q  2p
VarHWW  4p2  2pq − 4p2  2pq

Coding does not affect the variance of genotypes but mean shifts 2p − p − q  1

RECALL

Deviations from means are invariant to this type of coding

W − EW|Coding 2
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A LOOK AT VAN RADEN’S GENOMIC RELATIONSHIP MATRIX 
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In Van Raden’s G-matrix :

“additive relationship”

Note: LD does not enter into this form of genomic relationship matrix

Or if x’s centered
If all elements of G(VR) 
are divided by this factor, 
then scale is “consistent” 
with A.
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UNDER HARDY-WEINBERG AND IDEALIZED CONDITIONS

Additive relationships



Likewise, if the x’s are centered

A= n x n matrix of additive relationships
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Then, the “genomic” relationship matrix

G  X−EXX−EX′

2∑
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 X∗X∗′
VM,HW

Is the realization of a process. If this process is the HW process, then its expectation
is

E X−EXnp X−EXnp ′
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For example: parent and offspring are expected to have a relationship=0.5
but in reality it could be larger or smaller



MANY G-MATRICES
(each may provide a different variance component decomposition)

Examples

y  ymin x − xmin
xmax − xmin ymax − ymin

gij  2 gij,VR −mingij,VR
maxgij,VR −mingij,VR

GVR  1

∑
j1

p

2pj1 − qj

XcentXcent
′

GST  1
p XstdXstd

′ ; Xstd 
xij − xj

Varxij

G  1
2 GVR  GST followed by some scaling?

GW  1
p XstdWXstd

′ where W uses LD information?

GBlend  GST  1 − A after some re-scaling of matrices
GVR scaled in (0,2) with mapminimax function?



FOCUS: GWAS

FOCUS: HERITABILITY

FOCUS: KINSHIP



EXAMPLE: TWO GENOMIC RELATIONSHIP MATRICES





MARKERS ARE NOT QTL:
a disconnect



QTLs in LD with markers

QTLs in LE with markers



Off-diagonals of “Genomic correlations” among 500 individuals

QTLs

MARKERS

OBSERVABLE

UNOBSERVABLE



OPINION

• Much “ad-hocquery” on how G ought to be 
constructed

• Impacts mostly discussion of “genetic 
architecture” from inferential perspectives           

[SKEPTICISM HERE]
• It may (may not) be that form of G impacts 

prediction, but using CV one can see what 
“works” or what “does not work” but 
tentatively and with uncertainty!



BACK TO BASIC SETTING: linear regression on markers



BLUP  Cov, y′Var−1y y − Ey

BRUTE FORCE 1  2X′XX′2  Ie
2 −1y

BRUTE FORCE 2  X′XX′−1 I  XX′−1 e
2
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BRUTE FORCE: invert n x n  and then map onto p x n

MME: invert p x p

NO COMPELLING REASON FOR MME HERE



MARKED GENOTYPIC VALUE

SAME RESULT: BOTH n x n COMPUTATIONS REQUIRED



Estimate marker effects from genomic BLUP?
Use standard BLUP theory under

normality!

g  E X|y, variance components under normality
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BRUTE FORCE DEFINITION: BLUP is a conditional expectation under normality

[REMEMBER?]


  X ′XX ′ −1g
g  X




CAN GO BACK AND FORTH BETWEEN GENOMIC BLUP AND RIDGE REGRESSION
ESTIMATES OF MARKER EFFFECTS

y

y



When should a specific representation of GBLUP be used?
Suppose p<n. Then G has at most rank=n and the inverse of G does not exist

rm(list=ls(all=TRUE))

###LOAD LATTICE AND MATRIX
library(MASS)
library(BGLR)
library(lattice)
library(Matrix)
set.seed(1234567)

###LOAD DATA
data(wheat)
Y<-wheat.Y
X<-wheat.X
y<-Y[,1]
n<-length(y)

X<-X[,1:50]

freq<-numeric(ncol(X))
for (j in 1: ncol(X)){
freq[j]<-mean(X[,j])
}

X<-scale(X, center = TRUE, scale = FALSE)

###Markers are binary so var of marker codes is p(1-p)
###instead of 2p(1-p) per locus

varHW<-sum(freq*(1-freq))
varHW
[1] 8.438131

####GVR= genomic relationship a la Van Raden (2008)
GVR<-X%*%t(X)/varHW
par(mfrow=c(2,1))
vecGVR<-as.vector(GVR)
hist(GVR,main="Distribution of elements of GVR",xlab="GVR values")
diagGVR<-diag(GVR)
plot(diagGVR,ylab="Diagonal values",main="Diagonal values of 
GVR")
par(mfrow=c(1,1))

ISSUE HERE: SCALE DIFFERS FROM THAT OF A!

BACK TO GENOMIC BLUP

Distribution of elements of GVR

GVR values
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> summary(vecGVR)
Min.     1st Qu.    Median      Mean  3 rd Qu.     Max. 

-0.76770 -0.16090 -0.01295  0.00000  0.14200  1.82600 

> summary(diagGVR)
Min. 1st Qu.  Median    Mean 3rd Qu.    Max. 

0.5845  0.8344  0.9899  1.0000  1.1310  1.8260 



Calculation of GBLUP (once one has arrived at some G)
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####Does GVR have an inverse in this case? No, rank(GVR) should be 50
> GVRinv<-chol2inv(chol(GVR))
Error in chol2inv(chol(GVR)) : 

error in evaluating the argument 'x' in selecting a method for function 'chol2inv': Error in 
chol.default(GVR) : 

the leading minor of order 38 is not positive definite
> rankMatrix(GVR)
Warning in rankMatrix(GVR) :

rankMatrix(<large sparse Matrix>, method = 'tolNorm2') coerces to dense matrix.
Probably should rather use  method = 'qrLINPACK' !?

[1] 50
attr(,"method")
[1] "tolNorm2"
attr(,"useGrad")
[1] FALSE
attr(,"tol")
[1] 5.835619e-11

MUST USE “STRONG ARM” FOR CALCULATING GBLUP
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Suppose

g
2  0.30; e

2

g
2  2.3333

####Compute GBLUP using the strong-arm method.
####varg=0.30,vare=0.70
####lambda<-2.3333
varg=0.30
vare=0.70
lambda=vare/varg
Vstar<-(GVR+lambda*diag(n))
Vstarinv<-chol2inv(chol(Vstar))
ghat<-GVR%*%Vstarinv%*%y
plot(ghat,ylab="GBLUP",main="Genomic BLUP (Van Raden G) 
varg=0.30 vare=0.70")

###Compute prediction error variance covariance matrix
PEVMAT<-varg*(diag(n)-GVR%*%Vstarinv)%*%GVR

###CALCULATE MODEL DERIVED RELIABILITIES
RELS<-varg*diag(n)-diag(PEVMAT)/varg
RELGBLUPS<-diag(RELS)
plot(RELGBLUPS,ylab="REL",main="Reliabilities of G-BLUP (Van Raden G)")

No evidence of overfit
0.4646628
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#####Impact of G-matrix on GBLUP
#####Assume same variance decomposition
#####Scale to be in (0,2)
GVscaled<-matrix(nrow=nrow(X),ncol=nrow(X))
VRmin<-min(GVR)
VRmax<-max(GVR)

VRmin

VRmax

for (i in 1:nrow(X)){
for (j in 1:nrow(X)){
GVscaled[i,j]<-2*(GVR[i,j]-VRmin)/(VRmax-VRmin)
}
}

####How does it compare with A?
A<-wheat.A
par(mfrow=c(2,1))
hist(A,main="Histogram of A scaled")
hist(GVscaled,main="Histogram of GVR scaled in (0,2)")

par(mfrow=c(1,1))
cor(as.vector(A),as.vector(GVscaled))
[1] 0.2381

Histogram of A scaled
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#####BLUP (assume save var decomposition)
varg=0.30
vare=0.70
lambda=vare/varg

VstarGVS<-(GVscaled+lambda*diag(n))
VstarinvGVS<-chol2inv(chol(VstarGVS))
ghatGVS<-GVscaled%*%VstarinvGVS%*%y

VstarA<-(A+lambda*diag(n))
VstarinvA<-chol2inv(chol(VstarA))
ghatA<-A%*%VstarinvA%*%y

par(mfrow=c(3,1))
plot(ghatA,ghatGVS,main="BLUP A vs GBLUP GVS")
plot(ghatA,ghat,main="BLUP A vs GBLUP GVR")
plot(ghat,ghatGVS,main="GBLUP GVR vs GBLUP GVS")
par(mfrow=c(1,1))
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> cor(ghatA,ghat)
[,1]

[1,] 0.5020861
> cor(ghatA,ghatGVS)

[,1]
[1,] 0.500235
> cor(ghat,ghatGVS)

[,1]
[1,] 0.9994833

mseA<-sum((y-ghatA)**2)/n
msehat<-sum((y-ghat)**2)/n
msehatGVS<-sum((y-ghatGVS)**2)/n
mseA
msehat
msehatGVS

> mseA
[1] 0.4245183
> msehat
[1] 0.7907524
> msehatGVS
[1] 0.7964134

BLUP(A) FITS BETTER
(may predict worse)



GENERALIZED CV IN GBLUP
(zero-means model, wheat data)





BAYESIAN GBLUP

Arbitrary choices
used for illustration

y  1g e
Priors :

→   constant ("flat" prior)
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2  h2S2 (set h2  0.25)



WHAT IS THE MARGINAL PRIOR OF g
IN BAYESIAN GBLUP?
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 SUPPOSE THE n INDIVIDUALS ARE MOLECULARLY
 DISSIMILAR SO G diagonal.
 DO THE INDIVIDUALS INFORM ABOUT EACH OTHER?

NO!!!!!!!!!!

 SIGNALS NOT INDEPENDENT A PRIORI
 WHY? BECAUSE JOINT DENSITY CANNOT BE WRITTEN

AS PRODUCT OF MARGINALS!!
 UNCORRELATED RANDOM VARIABLES DO NOT

NECESSARILY IMPLY INDEPENDENCE



###USE GIBBS SAMPLER
###GENOMIC RELATIONSHIP MATRIX CONSTRUCTED WITH
###CENTERED AND SCALED MATRIX
###UNKNOWN INTERCEPT, GENETIC SIGNAL (MARKED BREEDING 
VALUE)
###VG AND VE
###WHEAT DATA
rm(list=ls(all=TRUE))
library(MASS)
library(BGLR)
library(lattice)
library(Matrix)
set.seed(1234567)

###LOAD DATA
data(wheat)
Y<-wheat.Y
X<-wheat.X
y<-Y[,1]
n<-length(y)

####LOAD A MATRIX
A<-wheat.A

####USE 100 MARKERS AND SCALE X
X<-scale(X[,1:100])
p<-ncol(X)

####FORM GENOMIC RELATIONSHIP MATRIX
G<-X%*%t(X)/p
###SCALE G WITH MAPMINMAX TO BE IN (0,2)
GSC<-matrix(nrow=nrow(X),ncol=nrow(X))
Gmin<-min(G)
Gmax<-max(G)
for (i in 1:nrow(X)){
for (j in 1:nrow(X)){
GSC[i,j]<-2*(G[i,j]-Gmin)/(Gmax-Gmin)
}
}

###Prior distributions of variances
###Assign arbitrary scaled inverted chi-square to ve (Var(y),6) 
###Assign arbitrary scaled inverted chi-square to veg (0.25*Var(y),5) 
scale<-var(y)
nue<-6
scalg<-0.25*scale
nug<-5

####PLOT PRIOR DISTRIBUTION OF VARIANCES
####BY DRAWING 100,000 SAMPLES FROM PRIORS
priorve<-nue*scale/rchisq(100000,nue)
priorvg<-nug*scalg/rchisq(100000,nug)
####CONDITIONAL PRIOR OF g given vg is normal
####UNCONDITIONAL IS MULTIVARIATE t
par(mfrow=c(2,1))
plot(density(priorve),main="Prior density of Ve nu=6 Scale=1",xlab="Ve",
xlim=c(0,10))
plot(density(priorvg),main="Prior density of Vg nu=5 Scale=0.25",xlab="b1"
xlim=c(0,1))
par(mfrow=c(1,1))

EXAMPLE OF BAYESIAN GBLUP: DATA AND PRIOR DISTRIBUTIONS
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Conditional posteriors
(shown without derivation)
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###SET NUMBER OF GIBBS SAMPLES AND BURN IN
###SHOULD USE MORE ITERATIONS AND LONGER BURN-
IN IN SERIOUS ANALYSIS
NITER<-6000
BURN<-1000
POSTERIORSAMPLES<-NITER-BURN
###DEFINE CHAIN AND OBJECTS STORING SAMPLES
b0samp<-numeric(NITER)
gsamp<-matrix(nrow=NITER,ncol=n)
vesamp<-numeric(NITER)
vgsamp<-numeric(NITER)
h2genomic<-numeric(NITER)
###CHAIN STARTING VALUES (ITERATION 1)
nparams<-1+p+1+1
b0samp[1]<-0.0001
gsamp[1,]<-rep(0.0001,n)
vesamp[1]<-scale
vgsamp[1]<-scalg
###FORM MATRICES OF SUM OF SQUARES AND 
PRODUCTS OF 
###COLUMNS IN Xmod
###FORM J VECTOR AND INCIDENCE MATRIX
J<-rep(1,n)
Xmod<-cbind(1,diag(n))
XPX0<-crossprod(J)
XPXg<-diag(n)

###GIBBS SAMPLING (CONDITIONAL POSTERIORS ARE 
###PROPOSALS: all accepted). NOTE OFFSETS and 
###IMMEDIATE UPDATING

for (i in 2:NITER){
###Sample b0
mean0<-sum(y-gsamp[i-1,])/XPX0
var0<-vesamp[i-1]/XPX0
b0samp[i]<-rnorm(1,mean0,var0)
###Sample g
lambda<-vesamp[i-1]/vgsamp[i-1]
Sigma1<-chol2inv(chol(GSC+diag(n)*lambda))
Sigma2<-diag(n)-GSC%*%Sigma1
Sigma3<-vgsamp[i-1]*GSC%*%Sigma2
mean1<-(1/lambda)*GSC%*%Sigma1%*%(y-J*b0samp[i])
gsamp[i,]<-mvrnorm(1,mean1,Sigma3)
###Sample ve
nuenew<-nue+n
res<-y-J*b0samp[i]-gsamp[i,]
sse<-t(res)%*%res+nue*scale
vesamp[i]<-sse/rchisq(1,nuenew)
###Sample vg
nugnew<-nug+n
ssg<-t(gsamp[i,])%*%gsamp[i,]+nug*scalg
vgsamp[i]<-ssg/rchisq(1,nugnew)
h2genomic[i]<-vgsamp[i]/(vgsamp[i]+vesamp[i])
}



Location effects seem
To mix well; variance
components less so

####Look at some trace plots

par(mfrow=c(3,2))
plot(b0samp,ylab="b0",xlab="Sample",main="Trace plot of b0")
plot(vesamp,ylab="ve",xlab="Sample",main="Trace plot of ve")
plot(vgsamp,ylab="vg",xlab="Sample",main="Trace plot of vg")
plot(gsamp[,5],ylab="g-5",xlab="Sample",main="Trace plot of g-5")
plot(gsamp[,100],ylab="g-100",xlab="Sample",main="Trace plot of g-100")
plot(gsamp[,500],ylab="g-5",xlab="Sample",main="Trace plot of g-500")
par(mfrow=c(1,1))
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#######EVALUATION OF MIXING
par(mfrow=c(2,2))
acf(b0samp, lag.max = 100,

type = c("correlation"),
plot = TRUE, na.action = na.fail,main="Autocorrelation b0")

acf(vesamp, lag.max = 100,
type = c("correlation"),
plot = TRUE, na.action = na.fail,main="Autocorrelation ve")

acf(vgsamp, lag.max = 100,
type = c("correlation"),
plot = TRUE, na.action = na.fail,main="Autocorrelation vg")

acf(gsamp[1001:NITER,500], lag.max = 100,
type = c("correlation"),
plot = TRUE, na.action = na.fail,main="Autocorrelation g500")

par(mfrow=c(1,1))

acf(h2genomic, lag.max = 100,
type = c("correlation"),
plot = TRUE, na.action = na.fail,main="Autocorrelation h2")
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par(mfrow=c(2,2))
plot(density(b0samp[1001:NITER]),main="Posterior density b0",xlab="b0")
plot(density(vesamp[1001:NITER]),main="Posterior density ve",xlab="ve")
plot(density(vgsamp[1001:NITER]),main="Posterior density vg",xlab="vg")
plot(density(gsamp[1001:NITER,50]),main="Posterior density g-50",xlab="g-50")
par(mfrow=c(1,1))



plot(density(h2genomic[1001,NITER]),main="Posterior density of genomic heritability",xlab="genomic h2")
summary(b0samp[1001:NITER])
summary(vesamp[1001:NITER])
summary(vgsamp[1001:NITER])
summary(gsamp[1001:NITER,500])
summary(h2genomic[1001:NITER])
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> summary(b0samp[1001:NITER])
Min.    1st Qu.     Median       Mean    3rd Qu.       Max. 

-0.0970000 -0.0192000  0.0006125  0.0000910  0.0199500  0.1037000

> summary(vesamp[1001:NITER])
Min. 1st Qu.  Median    Mean 3rd Qu.    Max. 

0.8495  0.9657  1.0040  1.0060  1.0450  1.2170 

> summary(vgsamp[1001:NITER])
Min.  1st Qu.   Median     Mean  3rd Qu.     Max. 

0.003056 0.005059 0.005961 0.006323 0.007106 0.019760 

> summary(gsamp[1001:NITER,500])
Min.    1st Qu.     Median       Mean    3rd Qu.       Max. 

-0.2142000 -0.0423100  0.0005076  0.0015770  0.0456200  0.2126000

> summary(h2genomic[1001:NITER])
Min.  1st Qu.   Median     Mean  3rd Qu.     Max. 

0.003022 0.004964 0.005886 0.006259 0.007074 0.020670 

Recall: 100 markers only…



###PRIOR DISTRIBUTION OF HERITABILITY (FROM SAMPLES)

priorh2<-priorvg/(priorvg+priorve)
> summary(priorh2)

Min.   1st Qu.          Median         Mean   3rd Qu.           Max. 
0.0009697 0.1226000 0.2035000 0.2399000 0.3210000 0.9839000 

###POSTERIOR DISTRIBUTION OF HERITABILITY (FROM SAMPLES)

> summary(h2genomic[1001:NITER])
Min.  1st Qu.         Median     Mean     3rd Qu.     Max. 

0.003022 0.004964 0.005886 0.006259 0.007074 0.020670 

BAYESIAN LEARNING ABOUT GENOMIC HERITABILITY?
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LOTS OF MISSING H2
EVEN WITH 100
MARKERS (RECALL
MLE with pedigree)



postmeang<-numeric(n)
for (i in 1:n){
postmeang[i]<-mean(gsamp[,i])
}
plot(postmeang,ylab="gmean",main="Posterior means of g")

> fitcor<-cor(y,postmeang)
> msefit<-crossprod(y-postmeang)/n
> fitcor
[1] 0.1038722
> msefit

[,1]
[1,] 0.9980623
> 

MODEL WITH 100
MARKERS FITS POORLY
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ROBUST VARIANTS TO 
GBLUP:

TMAP AND LMAP



ROBUST REGRESSION
• Much research devoted to robustness with respect to 

outliers
• Undeclared (non-random) preferential treatment
• Inadequate model specification (“population sub-

structure unaccounted for)
• Gaussian distribution inadequate, thin tails
• Outliers often removed prior to analysis: ad-hoc 

rules. Uncertainty of exclusion not accounted for
• Robust methods: all data points used (unless clear 

anomaly) and down-weighted automatically



Bayesian (MCMC) in red

• Lange et al. (1989)
• Stranden and Gianola (1998, 1999)
• Rosa et al. (2003, 2004)
• Kizilkaya et al. (2003)
• Varona et al. (2006)
• Cardoso et al. (2006): 20000 post-weaning 

weight gains in cattle. Linear models with 
Gaussian vs t-residuals. Clear differences.

• Problem: MCMC (with one exception) is not 
used routinely for EBV



RMAP: “Robust maximum a 
posteriori prediction”



TMAP: “Student’s-t maximum a 
posteriori prediction”

Assume: t-distributed residuals and Gaussian genetic (genomic) values









LMAP: “Laplace’s maximum a 
posteriori prediction”





Predictive assessment of 
regularization parameters

• EM: awkward, especially for Laplace’s distribution. Gets caught in
local modes with low predictive power

• Bayes MCMC: straightforward  but wish to avoid it
• TMAP, vary variance ratio over a grid centered at ML estimates

of heritability (pedigree or genomic). Vary degrees of freedom over grid.
Typically df=4, 6, 8, 12, 16 will suffice.

• LMAP, especially if phenotypes are in SD units, evaluate
the regularization parameter over a grid of heritability values

• Occasionally need residual variance: easy to estimate by 
any simple method (e.g., MINQUE) in each training instance

• Since re-weighted MME need to be solved, can use short-cuts in 
Gianola and Schoen (2016) for ad-nauseum CV.

IMPORTANT: RMAP CAN BE IMPLEMENTED IN ANY LINEAR SOLVER
THAT ALLOWS FOR DIFFERENTIAL WEIGHTS





EVALUATION OF MODEL TRAINING ONLY

(PREDICTIVE RESULTS NOT AVAILABLE YET)














